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INTRODUCTION 
Let R be a ring with identity and M and N (left) R-modules with MC N. 
Then M is said to be essential in N if M intersects every nonzero submodule 
of N nontrivially. A left ideal I of R is called an essential left ideal if I is 
essential in R. We denote the singular submodule of N by Z(N); 
2(N)={n~NIhz=(O)f or some essential left ideal I of R}. We shall assume 
throughout this paper that Z(R) = 0. In Section 1 we outline the construction 
of Johnson’s ring of quotients [3] and some of its properties and develop 
certain other preliminary results. In Section 2 we determine the structure 
of Artinian rings with zero singular ideal having the property that each 
principal indecomposable left ideal contains a unique minimal left ideal. 
In particular we show that if R is such a ring then R is a certain distinguished 
subring of a complete blocked triangular matrix ring over a division subring 
of R. We also consider the case where R is a left generalized uniserial ring 
and generalize results of A. W. Goldie [2] and I. Murase [.5& Finally we apply 
the methods to obtain the structure of finite-dimensional algebras with zero 
singular ideal. 
1. PRELIMINARIES 
If R is a ring with zero singular ideal, then Johnson [3] has constructed 
a ring extension Q of R which we shall call Johnson’s ring of quotients of R. 
Essentially, the definition of Q in [3] was as follows: Q = UA Horn, (A, R), 
where A is an essential left ideal of R. If x, y E Q, then we take x = y if and 
only if xa = ya for every a in some essential left ideal 
A C (domain x) n (domainy). 
This extension Q of R is a ring of quotients of R in the sense that zQ is an 
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essential extension of ER and since .2&R) = 0 so does Z(,Q). The following 
property of Q is established by Lambek [4]. 
LEMMA 1.1. If I and J are left ideals of R with I essential in R, then 
Horns (I, 1) is isomorphic to 
under the correspondence (i -+ iq) f-t q, q E Q, i E I. 
LEMMA 1.2. Suppose that M and N are submodules of RQ and 
f E HomR (M, N). Then there exists a unique f E Homo (QM, QN) such that 
j lM = f. If f is one-to-one or onto, so is J 
Proof. For x = C qimi E QM, define j(x) = C qi f (mi). The assertions 
of the lemma are easily verified. 
We denote the left and right annihilators of a subset 5’ C R by St and Sr , 
respectively. 
LEMMA 1.3. If I is a left ideal of R, then I, = {x E R 1 x6 n I is essential 
in I}. 
Proof. x E 1r * x1 1 I 3 xr n I is essential in 1. Conversely, if xr n I 
is essential in I, then (xr n I : y) yx = 0 for all y E I. But (x1 n I : y) is 
essential in R. For, if (xr n I : y) n I’ = 0, then I’y n (x1 n I) = 0 so 
1’~ = 0. Thus I’ C (x1 n I : y) n I’ = 0 and I’ = 0. Now since 
(x,nI:y)yx=O,wegetyx=O.HencexeIr. 
We say that M is a umform R-module if every noruero submodule of M 
is an essential submodule of M. 
LEMMA 1.4. If M is a un;form R-module, I is a left ideal of R and 
0 # a E Horn, (M, I), then OL is one-to-one. 
Proof. If ker 01 # 0 then for any m E M, (ker 01 : m) is an essential left 
ideal of R. Furthermore, 
(ker o! : m) a(m) = 01 (ker am) = 0 
and hence a(m) = 0 since Z(R) = 0. Thus OL = 0, a contradiction. 
LEMMA 1.5 (Dual Bases Lemma, [I], Chapter VII, Prop. 3.1). An 
R-module M is projective if and only if there exists a family {aa} C M and a 
family {&} C Horns (M, R) such that, for each m E M, m = z h,(m) fti where 
k(m) = 0 for all but a finite number of indices CL 
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For the rest of this section we shall assume that R is left Artinian. We denote 
the (left) socle of R by E. Then E is the unique minimal essential left ideal 
of R. 
LEMMA 1.6. The socle E of R is a projective left R-module. 
Proof. Let M be a minimal left ideal of R. Since EM # 0, there exists 
a minimal left ideal I C E such that IM # 0 and hence IM = M. Since I 
is not nilpotent, I = Re with e* = e and M Z I is projective. Thus E is 
clearly projective. 
PROPOSITION 1.7. Q = QE. 
Proof. Since E is projective, Lemma 1.5 implies that there exists {n,} C E 
and {&} C HomR (E, R) such that 
Y = C, UY) 4 
for all y E E. By Lemma 1.1 there exist qa E Q such that A,(y) = yqti for all 
y E E. Hencey = CtiyqNa, and so E(l - x., qtiaa) = 0. Thus, since Z(R) = 0, 
1 = lZ, w, E QE. 
2. THE STRUCTURE THEOREM 
We shall assume throughout the rest of this paper that R is a left Artinian 
ring with zero singular ideal having the property that every principal inde- 
composable left ideal contains a unique minimal left ideal. 
LEMMA 2.1. If R has the above properties, then R can be written as a 
direct sum of indecomposable (two-sided) ideals with the above properties 
as rings. 
Proof. Let ei be primitive idempotents and let MS be the unique minimal 
left ideal of Rei for i = 1,2. If M1 $ M, , then we must have M,Re, = 0 
and hence if follows from Lemma 1.3 that Re,Re, = 0. Similarly, Re,Re, = 0. 
Thus if we write R as a direct sum of indecomposable left ideals and group 
these according to the isomorphism type of their unique minimal ideals, we 
clearly obtain a decomposition of R as a direct sum of ideals which as rings 
have the above properties. Since each of these rings clearly has homogeneous 
socle they are indecomposable. 
We ihall assume henceforth that R is indecomposable. 
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LEMMA 2.2. The irreducible left ideals of R are R-isomorphic and R has an 
irreducible summand. 
Proof. This is immediate from the reasoning of the above lemma and 
Lemma 1.6. 
Let er ,..., e, be a complete set of primitive idempotents of R. We say 
that ei w ej if and only if Red $ Rei , for all 1 < i, j < m. This is clearly 
an equivalence relation. We partially order the resulting equivalence classes 
by saying that [ei] < [ej] if and only if Re, is isomorphic to a submodule of 
Rej . This is a partial order since R is left-Artinian. Note that this partially 
ordered set contains a unique minimal element, namely, the equivalence 
class determined by the idempotent corresponding to an irreducible sum- 
mand of R. 
LEMMA 2.3. [ei] < [ej] if and only if e,Rej # 0. 
Proof. The necessity is obvious and the sufficiency follows easily from 
Lemma 1.4. 
LEMMA 2.4. Let e, ,..., e, be a complete set of primitive orthogonal idem- 
potents of R. Then there exists an integer k, k integers n, , n2 ,..., rile with 
Cf=, ni = m and an indexing e *( of the above idempotents with i = l,..., k and 
1 < j f ni such that eji N ej*, for all i, j, andj’ and e$Reji = 0 if i’ > i, for 
all j and j’. 
Proof. Let k be the number of equivalence classes of idempotents 
resulting from the above equivalence relation. First number the equivalence 
classes from 1 to k in such a way that if [e&s < [e$,], then i’ 2 i. Now let ni 
be the number of idempotents in the ith class. If we index the idempotents 
of the ith class with a superscript i and a subscript ranging from 1 to ni , 
then it is immediate from the definition of N and Lemma 2.3 that this is the 
desired indexing. 
LEMMA 2.5. Ret is irreducible if and only if i = k. 
Proof. This is immediate from Lemma 2.2 and the manner in which the 
idempotents were indexed above. 
LEMMA 2.6. For all i, j, ejiRejt is a division ring. 
Proof. Let N denote the radical of R. It suffices to show that e:Neji = 0. 
If this were not so then Lemma 1.4 would imply that Rej” is isomorphic to a 
submodule of Neji . 
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LEMMA 2.7. Q = Qell @ *-a @ Qe:, @ a*- @,Qelk @ -** @ Qetk, each 
Qeji is an irreducible left ideal in Q and Qeji S Qe$ for all i, i’, j, and jl. In 
particular Q is a simple ring. 
Proof. Let Mji denote the unique irreducible submodule of Ret. Then by 
Proposition 1.7, 
Q=QE, 
Hence QMi” = Qej( for each i, j. Since Mji =a M$ , Lemma 1.2 implies that 
Qe,i so Qe$ . Also, since RMji is essential in R(Qeji) and RMji is irreducible, 
M,i is contained in every nonzero Q-submodule of Qeji. Thus every nonzero 
Q-submodule of Qeji contains QMjf = Qeji. Thus Qeji is an irreducible 
Q-module. 
LEMMA 2.8. 
Homo (Qerk, QeIk) s eIkQeIk = qkRe,” z Homa (Relk, Relk). 
Proof. Since Re,k is irreducible, it is the socle of Qerk. Thus 
Relkqelk C Relk, for all q E Q. Thus there exists r E R such that 
elkrelk = elkqelk. 
THEOREM 2.9. There exists a positive integer k, and positive integers 
n1 , n, ,..., n, such that R is isomorphic to a blocked triangular matrix ring such 
that the i, jth block is an arbitrary n, x nj matrix with entries in an additive 
subgroup D, of a fixed division subring D of R. These subgroups atisfy the 
following additional properties: 
(1) D,tDtj C Dij , for all i, j, 1. 
(2) Dii is a division ring for each i. 
(3) Dki = D for all i. 
(4) Dii is finite dimensional as a left vector space over Dit for all i and jS 
Conversely, if D is a $xed division ring, k and n1 ,..., nk fixed integers and D, 
are fixed subgroups of D with the above properties then the corresponding 
blocked triangular matrix ring is a left Artinian ring with zero singular ideal 
and such that each principal indecomposable l ft ideal contains a unique minimal 
left ideal. 
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Proof. Let e, ,..., e,,, be a complete set of primitive orthogonal idempotents 
for R, k a positive integer, n, ,..., nk positive integers, and eji an indexing of 
these idempotents as described in Lemma 2.4. Let g,i be a fixed isomorphism 
of Re,i onto Re,i and let 
and 
. It% = gti(eti) E etiReli, 
sf = (gj)-l (e,i) E eliReti. 
A computation shows that 
i rt St I = eti and ’ sjrt2 = eli. (*) 
Let hi be a fixed isomorphism of Qe,l onto Qerk with hk equal the identity on 
Qelkp 
and 
ai = hi(eli) E e,iQelk, 
,P = (hi)-’ (elk) E elkQeli. 
A computation shows that 
&pi = eli and PC& = era. (**I 
We define a function 0 from R into the ring of m x m blocked triangular 
matrices with entries in D = elkRelk by letting O(a) be the matrix whose 
(i, j)th block is the ni x nj matrix 
The entries in this block belong to 
Dij = {/lW 1 x E R}, 
which is an additive subgroup of elk&elk = elkRelk, isomorphic to e,$Re,j. 
Since this is a ring isomorphism when i = j, Dii is isomorphic to e,‘Re,f 
which is a division ring. 
We will now show that 0 maps onto the blocked triangular matrix ring 
whose (i, j)th block has arbitrary entries in D,, by showing that there exists 
an element 3 E R such that (A&, = /3&f for any i, j, u, w and any x E R, 
and all other entries of O(a) are zero. Let R = Y,~xs,~ E e,“Re,*. Then since 
the e$ are orthogonal idempotents, all the entries of O(a) are zero except the 
(u, er)th entry of the (i,j)th block, while 
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Clearly from the choice of hk, ak = /I” = eIk and so D,, = eIkReIk = D. 
Aho Dkj C D,k . But for any j, eIkx,Y E eIkReIkQeIj C eIkRqkQ C EQ since 
ReIk is an irreducible R-module (Lemma 2.5). But EQ C R since sQ is an 
essential extension of RR and E is the unique minimal essential eft ideal of R. 
Thus eIkxfij E R and so eIkx/Ij& = eIkxerk E D, . Thus Dkj 3 Dkk . 
One computes that 6 is a ring homomorphism and that DilDti C Dij for 
all i and j using conditions (*) and (M). For any 0 # a E R, ejiae$ # 0 for 
some i, i’, j, j, and hence it follows from (*) and (*c) that e(a) # 0. Thus 0 
is one-to-one. 
We have, therefore, established an isomorphism between R and a ring of 
matrices of the type described in the theorem and have verified the necessity 
of (l)-(3). Condition (4) is most easily verified by noting that the matrix ring 
and hence also R would not be left-Artinian if (4) did not hold. 
The converse of the theorem follows readily from an examination of 
matrix rings of the type described above. 
We say that R is left generalized uniserial if each principal indecompos- 
able left ideal of R has a unique composition series. 
COROLLARY 2.10. R is an (indecomposable) left generalized unkrial ring 
(with zero left singular ideal) sf and only zf R has a matrix representation of the 
type described in the preceding theorem which has the following additional 
properties : 
(1) Dij has dimension at most one as a (left) vector space over Dii for all i 
and j. 
(2) If DiI # 0 and Ditt # 0 with i < i’, then Dili # 0. 
Proof. A left generalized uniserial ring satisfies the hypothesis of Theo- 
rem 2.9 and hence has a matrix representation of the type described there. 
That (1) and (2) are necessary and sufficient for such a matrix ring to be left 
generalized uniserial follows from a straightforward examination of these 
matrix rings. 
We say that R is meet irreducible if and only if any two nonzero ideals of R 
have nonzero intersection. 
COROLLARY 2. Il. R is a meet irreducible left generalized uniserial ring 
(with zero left singular ideal) if and only zf R has a matrix representation of 
the type described in Theorem 2.9 with the additional property that Dij is one- 
dimensional as a left vector space over Dii for all i and j with j < i. 
LEMMA 2.12. Let A be a finite-dimensional algebra over a Feld K. Then A 
has zero left singular ideal sf and only if A is isomorphic to a subalgebra of a 
finite-dimensional K-algebra A with the following properties: 
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(1) Each principal indecomposable left ideal of A contains a unique minimal 
left ideal. 
(2) A has zero left singular ideal. 
(3) The socles of AA and & coincide. 
Proof. Let Q be Johnson’s (left) ring of quotients for A. Johnson [3] 
has shown that Q is a semisimple ring with minimum condition. This can 
also be seen by modifying slightly the proof of Lemma 2.7. We note that Q 
is a finite-dimensional algebra over K since AQ is the injective envelope of AA. 
Let e, ,..., enz be a complete set of primitive orthogonal idempotents for A. 
We can write each e, as 
so that the 
{e,j 1 j = l,..., k,; i = l,..., m} 
is a complete set of primitive orthogonal idempotents for Q. Note that k+ 
is the number of summands in any irreducible decomposition of the socle 
of Aei . For, let MI” @ a** @ M& be the socle of Aei . Then, by Proposition 
1.6, 
Hence Qei = QM: @ a** @ QMii and so ui = ki since the QMj( are irre- 
ducible Q-modules. Thus the socle of A contains t = ~~=I ki components. 
Note also that Aei contains a unique minimal submodule if and only if k, = 1. 
Let A be the smallest subalgebra of Q which contains A and 
{e,j 1 j = l,..., k,; i = l,..., m}. Since Q is a finite-dimensional K-algebra 
so is A. Let I be an irreducible left ideal of A. Then AI is projective by Lemma 
1.6 and so eil # 0 implies that Aei is irreducible. Suppose eijl # 0. Then 
0 # e,jI = eijelI and so Ae, is an irreducible projective, k, = 1, and e,j = ei . 
Thus e,jI C 1. Now any element of A is a sum of products of terms of the 
form ae$ with a E A and so AI C I. Thus irreducible submodules of dA 
are irreducible submodules of AA. Furthermore, for all i, j, Ae,j is an A-sub- 
module of Qeij and hence contains a unique minimal left ideal of A, and hence 
also a unique minimal left ideal of A. Since there are t irreducible components 
in the socle of *A, the socles of AA and aA must coincide. Thus since AA 
is an essential extension of AA, aA has zero left singular ideal. The converse 
is immediate. 
THEOREM 2.13. Let A be a finite-dimensional algebra over a field K. Then 
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A has zero left singular ideal if and only if A is (isomorphic to) a subalgebra of 
an algebra T with the following properties: 
(1) T=TI@*~~@T,,whereeachTiisatwosidedidealof TandT, 
is a complete blocked triangular matrix ring over a Jinite dimensional division 
algebra Di over K. 
(2) The socles of AA and TT coincide. 
Proof. This theorem is immediate from Lemma 2.12 and Theorem 2.9. 
Remark. We have used the hypothesis that A is a finite-dimensional 
algebra in the proof of Lemma 2.12 only to show that A^ is a ring with left 
minimum condition. Thus Theorem 2.13 holds (with appropriate modifica- 
tions) for any left Artinian ring R with zero singular ideal such that R is left 
Artinian. In particular the theorem holds whenever the injective envelope 
of RR is a finitely generated left R-module. 
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